The paper presents numerical analysis of harmonically excited vibration of a cable-stayed footbridge caused by a load function simulating crouching (squats) while changing the static tension in chosen cables. The intentional synchronized motion (e.g., squats) of a single person or group of persons on the footbridge with a frequency close to the natural frequency of the structure may lead to the resonant vibrations with large amplitudes. The appropriate tension changes in some cables cause detuning of resonance on account of stiffness changes of structures and hence detuning in the natural frequency that is close to the excitation frequency. The research was carried out on a 3D computer model of a real structure -a cable-stayed steel footbridge in Leśnica, a quarter of Wrocław, Poland, with the help of standard computer software based on FEM COSMOS/M System.
INTRODUCTION
The paper presents theoretical (numerical) analysis of harmonically excited vibration of a cable-stayed footbridge under the influence of changes in the static tension in chosen cables. The appropriate tension changes cause changes of stiffness of structures and hence changes in the natural frequency that is close to the excitation frequency. As a consequence of these changes the harmonic forced vibration amplitudes are reduced significantly because the resonant state becomes detuned. In this paper, the excitation is described by the formula specified by Żółtowski [1] , i.e., load function simulating crouching (squats). Such an excitation is sometimes caused intentionally by groups of people and may lead to a particularly dangerous phenomenon, i.e., the resonant vibrations with large amplitudes.
In papers [2] , [3] , eigenproblem sensitivity analysis formulated for the structure according to the second order theory has been used in order to establish which combinations of tensions in cables lead to the fastest change in the values of chosen natural frequencies. In paper [2] , the effectiveness of this method on a laboratory model of a steel cable-stayed footbridge (scale 1:10) was tested. Papers [2] , [4] present also how such changes of the tension in chosen cables that are enough to obtain a significant effect of the vibration reduction, influence the value of displacements and value of internal forces for some of the structure elements (main girder, pylon) and whether these changes contribute to exceeding the levels of Serviceability Limit State (SLS) and Ultimate Limit State (ULS) for the structure.
The methods of active vibration reduction in cable-stayed bridges were investigated both experimentally and theoretically in the last three decades by some authors, for example, Achkire [5] , Preumont and Achkire [6] , Bossens and Preumont [7] , Warnitchai, Fujino et al. [8] , Fujino and Susumpow [9] , Susumpow and Fujino [10] . The solutions of active methods of reducing vibration described in the above-mentioned papers have not yet been implemented in real bridge structures.
DESCRIPTION OF A FEM MODEL OF THE CABLE-STAYED FOOTBRIDGE
The theoretical analysis was carried out with the use of a FEM numerical model of a footbridge closely corresponding to the real structure, i.e., a cable-stayed steel footbridge in Leśnica, a quarter of Wrocław, a city in Poland (Fig. 1) . Numerical analyses were performed with the help of a standard computer FEM software, i.e., COSMOS/M System. The structure has been modeled as three-dimensional structure with the use of beam elements and shell elements.
MATERIAL AND GEOMETRICAL DATA OF THE CABLE-STAYED FOOTBRIDGE
The cable-stayed footbridge has been designed as a two-span footbridge with a length of 34.0 m of each span. The deck and pylon were made of steel. The cable-stayed footbridge has one pylon about 12.80 m high, made of steel pipes. The deck structure consists of two tubes ∅ 323.9/12.5 with axial spacing of 3.00 m that are connected by cross-beams made from I-beams HEB140, spacing 2.00 m. On the cross beams there are mounted stringers HEB100 with axial spacing from 400 to 500 mm covered with a 12 mm thick metal sheet. All the connections of the girder are made as welded ones. The superstructure deck is supported by one-and two-way sliding bearings on both abutments and by fixed bearings on a pillar. The pylon is located in the center of the deck and is attached to a reinforced concrete pillar, rigidly using steel anchors. The deck is supported from a pylon by 24 pairs of high tensile cable made of 2T15 (2 × 7 ∅ 5 mm) ropes produced by Freyssinet Company. Active anchorages of the cables are placed at the deck level, whereas passive ones are located in the pylon. The geometrical and mechanical characteristics of elements of the span are given in Table 1 . Due to taking into account the handrail elements, stiffness of the main girders for numerical modelling was assumed as equal to I x = 90000 cm 4 . The mechanical characteristics of the cables: guaranteed breaking load N cr = 530 kN, grade f yk = 1770 MPa, Young's modulus E = 195 GPa, cross section A = 300 mm 2 . Material and geometrical data were assumed according to papers [2] , [11] , [12] .
NON-LINEAR EQUATION OF MOTION
The numerical analysis used the well-known finite element method (FEM), where the real system is described using a discrete system, i.e., a finite number of 
where B is the inertia matrix; C is the damping matrix; K E is the elastic stiffness matrix (constitutive); K G is the geometrical matrix, sometimes called the initial tension matrix; K U is the matrix of initial displacement (rotation), also called large displacement or large deformation matrix. All matrices have the dimension n × n where n is the number of degrees of freedom of the system. F(t) is a vector of the generalized excitation forces, while q is the vector of generalized coordinates which describe node displacements. The nonlinear equation (1) describes the forced vibration in the cases of large displacements as well as takes into account the influence of the displacement on the structure strain, i.e. the geometric nonlinearity [13] , [14] . Equation (1) makes it possible to take into consideration the influence of the normal forces, especially the cable tension, on bending stiffness. The equation also makes it possible to explicitly determine the dependence of the stiffness matrix describing the elastic stiffness of the system on the axis force values -and, by extension, on the cable tension values. Table 2 presents the footbridge natural frequencies that correspond to the eigenforms in which the platform and the pylon displacement was dominant. The natural frequencies have been obtained on the basis of numerical analysis of the COSMOS/M FEM model. The COSMOS/M numerical FEM model has also been used to calculate the natural frequencies f c.wp , f c.zp that correspond to the eigenforms in which the cable displacement was dominant. These results are presented in Table 3 . (2) and (3). These formulas describe the natural frequencies of the cable considered apart from the structure, where m is the cable mass per one unit of its length and N is the cable tension.
FOOTBRIDGE NATURAL FREQUENCIES
Irvin proposed formula (2) for calculating the natural frequencies for the eigenforms in the plane of the sag (wp) where n ω is the value of non-dimensional natural frequency 
where λ 2 is Irvine's parameter. Irvin proposed formula (3) for calculating the natural frequencies for the eigenforms out-of-plane of the sag (zp)
A comparison between the results in Table 3 reveals a very high accordance between numerical solutions obtained from the FEM model and the analytical results obtained from Irvine's formula.
SELECTION OF DAMPING MODEL IN NUMERICAL ANALYSIS
For the purposes of numerical solutions of vibration of the FEM footbridge model in which damping is taken into account, the parameters of four damping models were determined. The following models were analysed: mass, Voigt-Kelvin, Rayleigh, and modal damping. The example assumes the dimensionless parameter specified with the use of formula ξ i = 0.027⋅f i -0.9 given by Bachmann and others in paper [15] . The dimensionless parameter ξ, called the damping ratio, is the ratio of viscous damping to critical damping and is re-lated to the dimensionless damping coefficient by formula γ = 2ξ. The damping ratio corresponding to the first bending eigenform of the deck with a natural frequency f 1 = 1.74988 Hz was calculated to be ξ = 0.0163. The dimensionless damping coefficient is γ = 2ξ = 0.0326. The value of dimensionless parameter calculated with the use of the above-mentioned approximated formula is comparable to the value of ξ = 0.012 obtained from experimental tests and presented by authors [11] and [12] . On the basis of the calculated values of dimensionless parameter ξ, parameters α and β were determined. These parameters were used to construct the damping matrix C in the equation of motion of the system (1). In accordance with the procedures of the COSMOS/M, the damping matrix was expressed by formula C = α⋅B + β⋅K [16] .
The value of parameter α of the mass damping model C = α⋅B, corresponding to the first bending Figures 2 and 3 show the time histories of the vibration displacement for the four damping models described above, determined numerically using the system COSMOS/M. Those are time histories of the vibration displacement of chosen points of the structure, i.e., No. 2 and No. 3 ( Fig. 1) , forced by the vehicle while moving at a constant speed v 2 = 10 m/s. Figures 2 and 3 show the time histories of the vibration displacement from the arrival of the vehicle on the bridge until it leaves the bridge. In order to enable a more accurate interpretation of the influence of damping models, the graph also shows fragments of the time histories of the vibration narrowly focused to a few oscillations.
In the case of the solution illustrated in Fig. 2 , assumption of the mass model and modal damping model leads to the emergence of similar vibration cycles as in a system without damping. On the basis of numerical analysis, it was found that the mass damping model causes a slight decrease in amplitude in comparison with modal damping. Vibration in the case of Rayleigh modal damping is slightly lower than the mass and modal damping and differs slightly from the shape of the vibration cycle using other models. The use of Voigt-Kelvin model lowers and dampens the most progress oscillation under all analyzed excitation and use of this model damping seems unwarranted in this case. It was found that at a speed of force v = 5 m/s in the case of the modal damping, the displacement of the center of cable does not differ from vibrations without damping, and in some cycles has higher amplitude values. On the basis of the results of the numerical analysis, adoption of mass damping model in further numerical analyses appears to be legitimate.
ANALYSIS OF HARMONICALLY FORCED VIBRATIONS

THE EXCITATION OF VIBRATIONS BY SQUATTING
This paper focuses on the deliberate forcing vibration, i.e., the excitation of vibrations by squatting (crouching) people. Synchronization of persons performing squats leads to adjustment of the frequency of the excitation to the natural frequency of the structure (i.e., resonance), which causes excessive vibration. Such excitation is often caused intentionally by groups of people, out of curiosity or, sometimes, as an act of vandalism. This is a particularly dangerous phenomenon as it leads to resonant vibrations with large amplitudes.
Żółtowski in paper [1] proposed a theoretical model of the load, on the basis of empirical studies conducted by himself on the impact of humans performing squats on the fixed and vibrating platform in the frequencies band 1.0-2.4 Hz with a maximum amplitude displacement of 3 mm. Żółtowski [1] described the harmonic function (4) of the intentional excitation of the structures by squats. This function depends only on the frequency of the excitation f p equal to the natural frequency of the structures and takes into account the damping.
Figure 4a presents, on the basis of equation (4), the impact of a single squat on the structure. Figures 4b, c, d present the impact of one person at different frequencies of the excitation on the structure.
Higher number of people increases the vibration amplitude and in accordance with paper [1] is a multiple of formula (4) F M (t) = M⋅F(t), where: M -number of people, F(t) -formula (4) simulating the intentional excitation of the structures by squats. This assumption is possible when the group of people achieved full synchronization of squats.
FORCED VIBRATION AMPLITUDES
AT DIFFERENT CABLES TENSION N i is the static tension in the i-th cable with respect to the pre-tension of the cable and the deadweight of the whole structure. Table 4 shows the maximum amplitudes obtained for each effort state of cables and the change of the natural frequencies of structure, corresponding to each effort state of cables.
On the basis of numerical analysis (see Figs. 5-8 and Table 4 ), it was found that the change in tension of cables number 1 slightly influences the change of displacement amplitude of the deck (node No. 4) by the excitation at the resonant frequency related to eigenforms of the deck, and at the efforts 13.04% the amplitudes decrease only by 0.14% as compared to the amplitudes of the initial state of the effort of the cables No. 1. The reduction of the amplitude of vibration in cable No. 1 (node No. 1) by 23.59% as compared to the amplitudes of the initial state of the effort of the cables was achieved. During the excitation at the resonant frequency equal to natural frequency of stay cables No. 1, i.e., f = 2.4112 Hz, the change of cable tension (No. 1) significantly changes displacements amplitude. Upon the force change in cables No. 1 from the initial effort 8.92% to 10.15%, it reduces the vibration amplitude by 38.22%, and at efforts of 13.04% -by up to 51.64%. It should be noted that, in the latter case, natural frequency of the cable changes significantly and hence the resonant state becomes detuned.
THE CHANGE OF CABLES TENSION DURING THE HARMONIC EXCITATION
In this section, the influence of the change of tension in cable No. 1 during the harmonic excitation on the amplitude of the vibrations of some nodes of the bridge was examined. Figure 9 presents influence of C 1 cables tension change on vertical displacements amplitudes q z of the deck for node No. 4. Figure 10 presents vertical displacements amplitudes of the C 1 cable mid-span for node No. 1 at the resonant excitation. The excitation was performed with harmonic force, caused by three persons performing squats, with frequency equal to the natural frequency ( f c1 ≈ 2.4112 Hz) corresponding to the first in-plane natural mode of vibrations of a stay cable No. 1. In this case, excitation includes 20 squats lasting for 8.3 seconds. Change of the tension in cables No. 1 was started in the 4th second and was completed after 4 seconds. The initial static effort in cables No. 1 was about 8.92% and after the change it was about 13.04%. It can also be seen that the influence of C 1 cable tension change significantly reduces (up to 75%) amplitudes of forced resonance oscillations of C 1 cable (cf. Fig. 10 ) while it does not affect the vibration displacements amplitude of the deck (cf. Fig. 9 ). Figures 11 and 12 show the time histories of the vibration displacement, determined numerically using the system COSMOS/M. Also in this case, it has been proven that the influence of C 1 cables tension change does not affect the vibration displacements amplitude of the deck (cf. Fig. 11 ), but significantly (up to 97%) reduces amplitudes of forced resonance oscillations of C 1 cable (cf. Fig. 12 ).
SUMMARY AND CONCLUSIONS
The main aim of the paper is to examine harmonically excited vibration of a cable-stayed footbridge while changing the static tension in chosen cables. The theoretical analysis has been carried out with the use of a 3D FEM numerical model. The numerical model of a footbridge closely corresponds to the real structure. Numerical research has been carried out under harmonic excitations, i.e., caused by squatting people. These harmonic excitations may occur in real footbridges [1] . For the purposes of a numerical solution of the FEM footbridge model, the parameters of several damping models have been determined. On the basis of numerical analysis, the mass damping model has been selected for further numerical analyses.
The paper has demonstrated, with the use of numerical analysis, the effectiveness of stay cable resonant vibration reduction in typical stayed-cable footbridges. It has been proven that the influence of C 1 cable tension change (from the initial effort 8.92% to 13.04%) significantly (up to 97%) reduces amplitudes of forced resonance oscillations of C 1 cable (cf. Fig. 12 ). An important result of the theoretical study is the proof that significant changes of the tension of selected stay cables do not affect the vibration displacements amplitude of the deck. It is a confirmation of the test results obtained in the author's own previous articles [2] , [3] that it is possible to significantly change the tension of selected stay cables without causing considerable changes of eigenfrequencies corresponding to the eigenforms of the deck and pylon. Consequently, the above-mentioned tension change does not affect the vibration displacements amplitude of the deck. It must be highlighted that after such changes of static tensions in the cables that are enough to obtain a significant effect of the vibration reduction, the stresses in the cables have to remain much smaller than the permis-sible stresses, i.e., 13.04% < σ perm . When the useful load is taken into account, permissible stress σ perm in the cables in cable-stayed bridges should be in the range from 30% to 40% of the characteristic resistance f yk of cables [4] , [11] .
Nowadays, passive and semi-active vibration dampers are commonly used in cable-stayed bridges and footbridges. There are also other methods of active reduction of cable vibration, which so far have been considered only theoretically and presented in scientific works [5] - [10] . The method presented in this paper can serve as an alternative to current methods of vibration reduction.
